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As a continuation of [3], we study the reciprocity map for an open curve
X over a local field of characteristic p > 0. We determine the p-part of the
kernel of the reciprocity map after restricting ramification when the rank of
X is 0.
1 Introduction
Let k be a local field, that is, a complete discrete valuation field with finite residue
field. Let X be a proper, smooth and geometrically connected curve over k and X a
nonempty open subscheme in X . We often say that the pair X ⊂ X is an open curve
([3], Def. 3.1).
In [2] and [3], for the open curve X over k, we study the kernel of the reciprocity map
ρ : C(X)→ πab1 (X). The main results of them say that the kernel Ker(ρ) is the maximal
l-divisible subgroup for any prime l , p := char(k). It is still not known that Ker(ρ) is
p-divisble or not.
In this short note, we restrict our attention to a quotient C(X,D) of C(X) which
classifies the abelian coverings of X whose ramification is bounded by an effective Weil
divisor D through the reciprocity map ρ. Our objective is to show that that the kernel
of the reciprocity map ρD : C(X,D) → πab1 (X,D) is p-divisible. The main theorem in
this note is the following theorem.
Theorem 1.1. Let k be a local field of char(k) = p > 0, X ⊂ X an open curve over
k and D an effective Weil divisor on X with |D| ⊂ X r X. If the rank r = 0 then,
the kernel Ker(ρD) is the maximal divisible subgroup of C(X,D).
Here, the invariant r = r(X) is called the rank of X ([8], Def. 2.5) which depends on
the type of the reduction of X. For example, r = 0 if X has good reduction. Note also
that the theorem above is known for the case X = X (without assuming r = 0) ([9]).
1
Notation
In this note, we basically follow the notation and the definitions in [3]. Let A be an
abelian group whose operation is written additively. For n ∈ Z≥1, we use the following
notation on A:
• A/n := the cokernel of the map n : A→ A defined by x 7→ nx.
When A is a topological abelian group, define
• A∨ : the set of all continuous homomorphisms A→ Q/Z. of finite order
For a 2-dimensional local field K of char(K) = p > 0, we use the following notation
(cf. [3], Sect. 2):
• UmK2(K): the subgroup of K2(K) generated by the image of UmK ×K
× in K2(K)
by the symbol map,
• ImK : the ramification subgroup of G
ab
K = Gal(K
ab/K), and
• ρK : K2(K)→ GabK : the reciprocity map of K.
For any m ∈ Z≥0, the reciprocity map ρK induces ρK : UmK2(K) → ImK which has
dense image ([6], Prop. 6.5, Rem. 6.6, cf. [3], Prop. 2.5).
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2 Proof of Thm. 1.1
As in Thm. 1.1 we use the following notation:
• k: a local field of char(k) = p > 0,
• X ⊂ X: an open curve over k with r(X) = 0,
• X∞ := X rX: the boundary of X,
• F = k(X): the function field of X,
• Fx: the completion of F at x ∈ X∞,
• ρ : C(X)→ πab1 (X): the reciprocity map ([3], Def. 3.3),
• Div(X): the monoid of effective Weil divisorsD onX whose support |D| is contained
in X∞ = X rX, and
• ρD : C(X,D)→ πab1 (X,D): the reciprocity map with “modulus” D ∈ Div(X) ([3],
Def. 3.4 and (3.3)).
Since the profinite group πab1 (X) has no divisible elements so that to show Thm. 1.1,
it is enough to prove that Ker(ρ) is p-divisible (Thm. 2.4 below).
2
Proposition 2.1. For any n ≥ 1, C(X)/pn → πab1 (X)/p
n is bijective.
Proof. First, recall that the idèle class group C(X) is a quotient of the restricted prod-
uct
∏∐
xK2(Fx) with respect to U
0K2(Fx). The quotient topology makes C(X) a topo-
logical group ([3], Def. 3.2). Under the topology, pnC(X) ⊂ C(X) is an open sub-
group. Hence, the quotient group C(X)/pn is discrete. From [3], Prop. 5.3, the dual
ρ∨ : (πab1 (X)/p
n)∨ ≃→ (C(X)/pn)∨ of ρ is bijective. The assertion follows from the
duality theorem (C(X)/pn)∨∨ ≃ C(X)/pn. 
Recalling from [3] Sect. 3, for D =
∑
x∈X∞
mx[x] ∈ Div(X), we define
πab1 (X,D) = Coker
( ⊕
x∈X∞
ImxFx → π
ab
1 (X)
)
, and
C(X,D) = Coker
( ⊕
x∈X∞
UmxK2(Fx)→ C(X)
)
.
The reciprocity map ρ induces ρD : C(X,D)→ πab1 (X,D).
Lemma 2.2. For any n ≥ 1, and D ∈ Div(X), C(X,D)/pn → πab1 (X,D)/p
n is
bijective.
Proof. From the very definition of C(X,D), for the effective divisorD =
∑
x∈X∞
mx[x] ∈
Div(X), we have the following commutative diagram with exact rows:
⊕
x∈X∞
UmxK2(Fx) //
ρFx

C(X) //
ρ

C(X,D)
ρD

// 0
⊕
x∈X∞
ImxFx
// πab1 (X) // π
ab
1 (X,D) // 0,
where ρFx is the reciprocity map for the 2-dimensional local field Fx. The reciprocity
map ρFx has dense image for each x ∈ X∞ so that ρFx ⊗Z Z/p
n is surjective after
applying − ⊗Z Z/pn. From Prop. 2.1, ρ ⊗Z Z/pn : C(X,D)/pn → πab1 (X,D)/p
n is
bijective and hence C(X,D)/pn → πab1 (X,D)/p
n is bijective. 
For an abelian group G, we denote by
φ : G→ G∧ := lim←−
n
G/pn.
the projection.
3
Lemma 2.3. For any D ∈ Div(X), there exists N ∈ Z>0 such that pN ·
(πab1 (X,D)
∧)tor = 0.
Proof. We show the assertion by induction on D. As we know the torsion part of the
tame fundamental group πab1 (X, ∅) = π
t,ab
1 (X) is finite (cf. [3], (4.8)), the assertion for
D = ∅ holds. For any D =
∑
xmx[x] ∈ Div(X) and x ∈ X∞, consider the following
exact sequence:
ImxFx /I
mx+1
Fx
ψ
// πab1 (X,D + [x])
∧
ϕ
// πab1 (X,D)
∧ // 0.
Here, the right exactness of the above sequence follows from the Mittag-Leﬄer condition.
It is known that there are surjective homomorphisms
Ω1k(x) ⊕ k(x)
// // UmxK2(Fx)/Umx+1K2(Fx)
ρFx
// // ImxFx /I
mx+1
Fx
([1] [5], see also [7]). Hence, any element in the graded quotient ImxFx /I
mx+1
Fx
is annihilated
by p. From the induction hypothesis, there exists N such that pN · (πab1 (X,D)
∧)tor = 0.
For any torsion element γ in πab1 (X,D + [x])
∧, pNϕ(γ) = 0 so that pNγ = ψ(σ) for
some σ ∈ ImxFx /I
mx+1
Fx
. As pσ = 0, we have pN+1γ = pψ(σ) = ψ(pσ) = 0. The assertion
follows. 
Theorem 2.4. For any D ∈ Div(X), Ker(ρD) is p-divisible.
Proof. By [4], Lem. 7.7 (cf. [3], Lem. 4.5), Lem. 2.2 and Lem. 2.3 imply that
Ker(φ : C(X,D)→ C(X,D)∧) =
⋂
n
pnC(X,D) = Ker(ρD)
is p-divisible. 
Combining with the results in [3] and Thm. 2.4, Ker(ρD) coincides with the maximal
divisible subgroup C(X,D)div of C(X,D). From the left exactness of lim←−, the reciprocity
map ρD induces an injective map
lim
←−
D
C(X,D)/C(X,D)div ֒→ lim←−
D
πab1 (X,D) ≃ π
ab
1 (X),
where D runs through the set of effective divisors on X whose support is in X rX.
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